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Abstract We have studied the temperature dependence

of the viscosity of some polymeric materials by using both,

the bond-strength-coordination number fluctuation model

and the random walk model. The results reveal that both

models show an excellent agreement with the experimental

data. For the random walk model, two equations corre-

sponding to two temperature regimes (low-T and high-T)

separated by the critical temperature Tc, which is difficult

to determine, are needed to describe the temperature

dependence of the viscosity of a fragile system, whereas for

the bond-strength-coordination number fluctuation model,

a single equation with clear physical meaning describes the

temperature dependence of the viscosity of both, the fragile

and strong systems. We have also studied the relationship

between the normalized temperature range of cooperativity

and the fragility index. A theoretical expression for the

relationship has been derived based on the bond-strength-

coordination number fluctuation model. The comparison

with the experimental data shows a good agreement,

leading to the conclusion that the kinetic properties of glass

forming liquids and the cooperativity of molecular relax-

ations are correlated.

Keywords Fragility � Glass forming materials �
Glass transition � Viscosity

Introduction

The theory on the temperature dependence of dynamical

properties such as viscosity in supercooled melts, poly-

meric materials, glasses, etc. is of a particular interest from

both, the fundamental and applied science point of view.

Among these, the strong-fragile concept has played an

important role for the understanding of fundamental

properties of these kinds of materials [1–3]. The so-called

Angell’s plot which is described as the logarithm of the

viscosity g versus the reduced inverse temperature Tg/T (Tg

being the glass transition temperature) characterizes fragile

and strong systems based on the degree of deviation from

the Arrhenius behavior. For highly polymerized network

glass formers such as SiO2, nearly straight lines in Angell’s

plot are observed (strong systems). In contrast, in systems

with non-directional interatomic or intermolecular bonds

such as ionic or organic liquids, deviation from Arrhenius

behavior is observed (fragile systems). Although many

studies have been done, the detailed microscopic mecha-

nism responsible for the degree of fragility is still under

intensive debate.

The relationship between the kinetic properties of glass

forming liquids and the cooperative molecular relaxations

in some polymeric materials has been studied recently by

Saiter et al. [4]. They have studied the variation of the

temperature difference DT = Tc - Tk with the fragility

index m. Tc is a critical temperature that demarcates the

transition from a non-cooperative relaxation process to a

cooperative one as defined in the random walk model [5, 6]

and Tk is the Kauzmann temperature. It has been found that

the lower the fragility index, the greater the temperature

range of cooperativity DT [4].

In the present paper, a comparative study on the tem-

perature dependence of the viscosity in a family sample of
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unsaturated polyester resin is presented based on the bond-

strength-coordination number fluctuation model proposed

by one of the authors [7] and the random walk model [5, 6].

An analytical expression that relates the normalized tem-

perature range of cooperativity (Tc - Tk)/Tg and the fra-

gility index m has been also derived.

Random walk model

The random walk approach used for the description of

structural unit dynamics in configurational space has suc-

cessfully explained the super-Arrhenius and Arrhenius-

type temperature dependence of viscosity for the weakly

bonded and strongly bonded melts, respectively [5, 6]. The

model assumes the existence of two types of excitations in

viscous liquids. The first type is the elastic excitations

which neither change the microscopic structure of the

liquid nor contribute to viscous flow and loss phenomena.

The second type is the inelastic excitations, in which the

displacements of structural units in configurational space

give rise to phenomena associated with energy-dissipating

processes such as the viscous flow. Due to strong interac-

tions between molecules in viscous liquids, their move-

ments must be highly cooperative. According to the model,

the transition from a non-cooperative relaxation process to

a cooperative one occurs at the critical temperature Tc, that

characterizes a dynamical singularity at which the nonlin-

early coupled density fluctuations vanish. This transition

has been considered as a jump of the structural unit in a

multidimensional configurational space.

For weakly bonded melts, two characteristic regimes

separated by Tc appear in the temperature dependence of

the viscosity. In the low temperature regime (T \ Tc),

over-barrier jumps are rate-limiting and the temperature

dependence of the viscosity is given by [5, 6]

g ¼ g0½p=2ða� 1Þ�1=2að2a�3Þ=2ða�1Þ½Cð1=aÞ��1

ðT0=TÞð2�aÞ=2ða�1Þ
exp½ða� 1ÞðT0=aTÞa=ða�1Þ�;

ð1Þ

where g0 accounts for the contribution of structural unit

jumps via fluid states to the viscosity, a is the parameter that

characterizes the fragility. C is the statistical Gamma

function and T0 is a temperature proportional to the width

of the density of possible metastable state which is given by

gðEÞ ¼ ða=2kBT0Þ½Cð1=aÞ��1
exp½þ E=kBT0j ja�;

1\a\1;
ð2Þ

where kB is the Boltzmann constant. For a = 2, Eq. 2

yields a Gaussian density of possible metastable state

function. On the other hand, in the high temperature regime

(T [ Tc), it is assumed that the fluctuations in the energy

landscape are enough to eliminate the energy barriers that

separate the adjacent local energy minima. In this case, the

temperature dependence of the viscosity is given by [5, 6]

g ¼ g02ð2a�1Þ=2ða�1Þð1=aÞCð1=aÞðT0=TÞ exp½ða� 1Þ
ð1� 2�1=ða�1ÞÞðT0=aTÞa=ða�1Þ�:

ð3Þ

For strongly bonded melts, the energy required for bond

breaking Ed has been added to the contribution of ground

state energies [5, 6]. For this case, the density of possible

metastable state is written as

gðEÞ ¼ ða=2kBT0Þ½Cð1=aÞ��1
exp½� ðE � EdÞ=kBT0j ja�;

1\a\1: ð4Þ

The temperature dependence of the viscosity is derived

from Eq. 4 as

g¼g0½p=2ða�1Þ�1=2að2a�3Þ=2ða�1Þ½Cð1=aÞ��1

ðT0=TÞð2�aÞ=2ða�1Þ
exp½ðTd=TÞ þða�1ÞðT0=aTÞa=ða�1Þ�;

ð5Þ

where Td = Ed/kB. Under the condition Td � T0, the

temperature dependence of the viscosity given by Eq. 5

becomes Arrhenius-like, particularly when T & T0.

Bond-strength-coordination number fluctuation model

In this model, the melt is considered as an agglomeration of

structural units, which give a solid physical background to

understand the concept of fragility. According to the model,

the viscous flow occurs when the structural units move from

one position to another by breaking the bonds connecting

them. Each structural unit is bound to other structural units

by a certain bond strength [7]. By lowering the temperature

of the system, the viscosity of the melt increases due to the

increase in the connectivity between the structural units and

at the glass transition temperature, the spatial distribution of

structural units is frozen. From such considerations, the

temperature dependence of the viscosity obtained by

adopting a Gaussian distribution of binding energy E and

coordination number Z is given by [7]

lnðg=gTg
Þ¼ lnðg1=gTg

Þ

þ
CxþCx2 lnðgTg

=g1Þþ1
2
lnð1�BÞ

h i
ð1�BÞ

C �1
n o

1�Bx2

�1

2
lnð1�Bx2Þ; ð6Þ

where

C ¼ E0Z0

RTg

; B ¼ ðDEÞ2ðDZÞ2

R2T2
g

and x ¼ Tg=T: ð7Þ

g? is the viscosity at high temperature limit considered

here as material independent. Based on experimental data,
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the value of 10-5 Pa s is commonly used [8]. The usual

value of the viscosity at the glass transition temperature

gTg
= 1012 Pa s is adopted [8]. C contains information

about the total bond strength of the structural unit and B

gives its fluctuation. E0 is the average value of the binding

energy between the structural units and Z0 is the average

value of the coordination number of the structural units. DE

and DZ are the fluctuations of E and Z, respectively. R is

the gas constant. According to the model, the fragility

index is written as [7]

mBC ¼
B� C þ 2 ln

gTg

g1

� �
þ 1

2
ln 1� Bð Þ

h i

lnð10Þð1� BÞ : ð8Þ

Equation 8 is remarkable in that, if data of temperature

dependence of the viscosity near Tg are known, information

about microscopic quantities used in the present model can

be extracted. This is an important step for the under-

standing of microscopic mechanism responsible for the

degree of fragility in materials. As many studies show, the

determination of the fragility index allows the character-

ization of different glass forming materials [9–13].

Temperature dependence of the viscosity: a comparison

From Eqs. 1 and 3 we can derive respectively, the fol-

lowing equations,

lnðg=gTg
Þ ¼ ½ð2� aÞ=2ða� 1Þ� ln xþ ½1� xa=ða�1Þ�

ð1� aÞðT0=aTgÞa=ða�1Þ; ðT\TcÞ;
ð9Þ

lnðg=gTg
Þ ¼ ln xþ ½1� xa=ða�1Þ�ð1� aÞ

ð1� 2�1=ða�1ÞÞðT0=aTgÞa=ða�1Þ; ðT [ TcÞ:
ð10Þ

In Fig. 1 we have shown the application of these equations

for the description of the temperature dependence of the

viscosity for a family sample of unsaturated polyester resin

(with styrene content of 25, 30, 35, and 40%W/W) [4]. The

normalized crossover temperature Tg/Tc which demarcates

the frontier between the low temperature regime and the

high temperature regime is denoted by the dashed line.

Data of a and T0 are taken from [14] whereas the values of

Tg and Tc are taken from [4]. In Fig. 1, we have also shown

the behavior described by the bond-strength-coordination
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Fig. 1 Temperature

dependence of the viscosity

described by Eq. 6, (BSCNFM)

and Eqs. 9 and 10, (RWM) for

UPR25 (a), UPR30 (b), UPR35

(c), and UPR40 (d)
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number fluctuation model given in Eq. 6, by choosing

adequately the values of B and C. We can see that the

agreement between both models is excellent. It should be

noted however that, in the random walk model, two

equations are needed to describe the temperature depen-

dence of the viscosity of a fragile system. Furthermore, the

determination of the critical temperature Tc is difficult [15].

On the other hand, in the bond-strength-coordination

number fluctuation model, a single equation with clear

physical meaning describes the temperature dependence of

the viscosity of both, the fragile and strong systems. For the

analysis of experimental data, the bond-strength-coordi-

nation number fluctuation model is preferable, because we

do not need to invoke to two equations and because we do

not need Tc. However, it is worth to mention that, strictly

speaking, the values of the parameters B and C are valid in

a limited temperature range due to the fact that E and Z

have been assumed to be temperature independent quanti-

ties. To improve the agreement with experiments in a large

range of temperature, we must take into account, without

altering the physical background of the model, the tem-

perature dependence of the binding energy between the

structural units E and the coordination number of the

structural units Z [16].

Relationship between the fragility index

and the normalized temperature range of cooperativity

The comparison between the two models given in the

previous section prompts us to investigate the temperature

range of cooperativity DT = Tc - Tk in terms of our

model. Recently [17], it has been shown that the bond-

strength-coordination number fluctuation model of the

viscosity, proposed by one of the authors [7], incorporates

the well known Vogel–Fulcher–Tammann (VFT) relation.

There, a theoretical relationship between B and C that

reproduces the VFT relation has been derived,

C ¼ 2cð1� BÞ
2cþ

ffiffiffi
B
p
ð1þ c2Þ

lnðgTg
=g1Þ þ

1

2
lnð1� BÞ

� �
;

c � DEj j=E0

DZj j=Z0

¼ 1: ð11Þ

Here, c gives the ratio of the normalized bond-strength-

fluctuation to the coordination number fluctuation. On the

other hand, usually it is considered that the Kauzmann

temperature is similar to the ideal glass transition

temperature appearing in the VFT relation [18]. Based on

these observations, in the present study, we have derived

the following theoretical expression for the normalized

temperature range of cooperativity,

Tc � Tk

Tg

¼ 1

xc

� 1�
1þ
ffiffiffiffi
B�
p

1�B�

� �
C� � 1

2
lnð1� B�Þ

m lnð10Þ

2
4

3
5; ð12Þ

where xc represents the reduced inverse temperature Tg/Tc.

B* and C* denote the values of B and C that obey Eq. 11.

The behavior of the normalized temperature range of

cooperativity (Tc - Tk)/Tg versus the fragility index m is

shown in Fig. 2. We can see that the model reproduces

reasonably well the experimental values [4]. The figure

indicates also that the temperature range of cooperativity

and the fragility are correlated.

Discussion

The result shown in Fig. 2 follows the results reported by

other authors [19–22]. In these studies, there were shown

that the higher the fragility index, the lower the value of Tc/

Tg. According to Angell [21], the basic properties of

relaxing liquids are correlated through the fragility. Large

value of temperature range of cooperativity corresponds to

a small value of fragility index as has been discussed

earlier [4], for the materials under consideration here. The

Fig. 2 The relationship between the normalized temperature range of

cooperativity and the fragility index for three sample families of

polymeric materials. The numbers after the name of the chemical

compound represent the styrene content (in %W/W), the number of

carbon atoms in the lateral chain, and the number of carbon atoms of

the side chain attached to the tertiary carbon of the propyl spacer for

UPR, C, and DP1, respectively
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materials trend shown in Fig. 2 relates also with the

chemistry of the materials. For instance, by increasing the

styrene concentration, the distance between the polyester

chain is increased, which results in the greater degree of

freedom for molecular relaxation. Such a behavior is

reflected in the value of the fragility that increases with the

addition of styrene. The average barrier height that a

structural unit must crossover to relax decreases when the

fragility of the system increases [23]. The decrease of the

interactions between the chains results also in the decrease

of the temperature range of cooperative relaxation, which

is the trend observed in Fig. 2. The relaxation process in

the glassy state is a cooperative phenomenon and the

motion of a molecule depends on neighbor’s motions. The

rearranging movement of one structural unit is only pos-

sible if a certain number of neighboring structural units is

also moved [11, 24]. The glass transition engages cooper-

ative molecular movements, which are time and tempera-

ture dependent. The relaxation function U(t) which

characterizes these movements is usually represented by a

normalized stretched exponential function [25, 26]

UðtÞ ¼ exp � t

s

� �b
� �

; 0\b\1; ð13Þ

where b is a parameter inversely related to the width of the

distribution of relaxation time s. For UPR samples, it has

been shown that b spreads between 0.1 and 0.3 [26]. The

low values of b reflect a very wide distribution of relaxa-

tion times, implying the existence of a large number of

potential minima available to the molecules during their

relaxation. The values of the fragility index change from 64

to 113 for UPR as the styrene concentration increases

(from UPR25 to UPR40), reflecting a character that

becomes more fragile. For the DP1.1 samples, by changing

the length of the lateral chain, from DP1.2 to DP1.3, the

interactions between the main chains are changed and the

values of the fragility index change from 48 to 77. Simi-

larly, by changing the number of carbon atoms of the lat-

eral chains in CI samples (from C8 to C3), the fragility

index changes from 55 to 96, due to the change in the

magnitude of the interactions between these lateral chains,

the shorter the lateral chain, the weaker the interactions [4].

Conclusions

In this study, we have shown that the bond-strength-coor-

dination number fluctuation model and the random walk

model describe the same behavior if judicious parameters

of B and C are to be chosen for the materials under con-

sideration. We have also studied the fragility index

dependence of the normalized temperature range of coop-

erativity. It is shown that the smaller the fragility index, the

greater the normalized temperature range of cooperativity.

This means that the kinetic properties of glass forming

liquids, as given by the fragility index, and the cooperative

molecular relaxations of the formed glass are correlated.

An analytical expression for the relationship has been

derived based on the bond-strength-coordination number

fluctuation model. The results are consistent with the fact

that a low value of the fragility index corresponds to strong

molecular interactions, while a high value of m corresponds

to weak molecular interactions.
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12. Šubčı́k J, Mošner P, Koudelka L. Thermal behaviour and fragility

of Sb2O3-containing zinc borophosphate glasses. J Therm Anal

Calorim. 2008;91:525–8.
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